A q-analogue of Rucinski-Voigt numbers is defined by means of a recurrence relation, and some properties including the orthogonality and inverse relations with the q-analogue of the limit of the differences of the generalized factorial are obtained.
Introduction
Rucinski and Voigt 1 defined the numbers S n k a satisfying the relation The explicit formula in P 4 can be used to interpret r k k!S n k a as the number of ways to distribute n distinct balls into the k 1 cells one ball at a time , the first k of which has r distinct compartments and the last cell with a distinct compartments, such that i the capacity of each compartment is unlimited;
ii the first k cells are nonempty.
The other explicit formula P 5 can also be used to interpret S n k a as the number of ways of assigning n people to k 1 groups of tables where all groups are occupied such that the first group contains a distinct tables and the rest of the group each contains r distinct tables.
The Rucinski-Voigt numbers are nothing else but the r-Whitney numbers of the second kind, denoted by W m,r n, k , in Mező 6 . That is, S n k a W r,a n, k . It is worth-mentioning that the r-Whitney numbers of the second kind are generalization of Whitney numbers of the second kind in Benoumhani's papers 7-9 .
On the other hand, the limit of the differences of the generalized factorial 10 where
The numbers F α,−γ n, k are equivalent to the r-Whitney numbers of the first kind, denoted by w m,r n, k , in 6 . More precisely, F α,−γ n, k w α,γ n, k . These numbers are generalization of Whitney numbers of the first kind in Benoumhani's papers 7-9 .
In this paper, we establish a q-analogue of S n k a and obtain some properties including recurrence relations, explicit formulas, generating functions, and the orthogonality and inverse relations.
Definition and Some Recurrence Relations
It is known that a given polynomial a k q is a q-analogue of an integer a k if
For example, the polynomials
are the q-analogues of the integers n, n!, and n k , respectively, since
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The last two polynomials in 2.2 are called the q-factorial and q-binomial coefficients, respectively. With these in mind, it is interesting also that, for a given property of an integer a k , we can find an analogous property for the polynomial a k q . For example, the binomial coefficients n k satisfy the known inversion formula
and Vandermondes identity
while the q-binomial coefficients n k q satisfy the q-binomial inversion formula 3
and q-Vandermondes identity 11
Carlitz 12 defined a q-Stirling number of the second kind in terms of a recurrence relation
in connection with a problem in abelian groups, such that when q → 1, this gives the triangular recurrence relation for the classical Stirling numbers of the second kind S n, k
This motivates the authors to define a q-analogue of the S n k a as follows. and, hence, the recurrence relation in 2.10 will give the recurrence relation in P 1 for S n k c where c is the sequence r, r β, r 2β, . . . . This fact will also be verified in Section 3 Remark 3.4 .
The above triangular recurrence relation for the q-Stirling numbers of the second kind can easily be deduced from 2.10 by taking β 1 and r 0.
Clearly, using the initial conditions of σ n, k β,r q , we can have
2.12
By repeated application of 2.10 , we obtain the following theorem. 
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Proof. To prove 2.15 , we simply evaluate its right-hand side using 2.10 and obtain σ n, k β,r q .
It will be shown in Section 3 that
2.16
By taking β 1 and r log q 2, 2.13 and 2.15 yield
which are exactly the recurrence relations obtained in 13 . When q → 1, these further give the Hockey Stick identities.
Explicit Formulas and Generating Functions
The next theorem is analogous to that relation in 1.1 . This is necessary in obtaining one of the explicit formulas for σ n, k 
3.1
Proof. We proceed by induction on n. Clearly, 3.1 is true for n 0. Assume that it is true for n > 0. Then using Definition 2.1, 
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The new q-analogue of Newton's Interpolation Formula in 14 states that, for
we have
where x k x 0 kh, k 1, 2, . . . such that when x 0 0, this can be simplified as
3.5
Using 3.1 with t x q , we get 
3.7
Applying the above Newton's Interpolation Formula and the identity in 14 
3.11
Applying 2.6 , we obtain σ n, j
3.12
This is precisely the explicit formula in Theorem 3.2. 
3.19
Proof. We are done with the proof of the first generating function. We are left to prove the second one and we are going to prove this by induction on k. For k 0, we have 
3.20
With k > 0 and using Definition 2.1, we obtain 
3.24
This sum may be written further as follows. 
3.25
This explicit formula is necessary in giving combinatorial interpretation of σ n, k β,r q in the context of 0-1 tableau. Note that when β 1 and r 0, Theorem 3.6 yields σ n, k
the q-Stirling numbers of the second kind 12 . Moreover, taking β 1 and r log q 2, Theorem 3.6 reduces to σ n, k
3.27
Using the representation given in 15 for the q-binomial coefficients, we have
.
3.28
This is the identity that we used in Section 2. Let ω be a function from the set of nonnegative integers N to a ring K. Suppose Φ is an A-tableau with r columns of lengths |c| ≤ h. Then, we set
Note that Φ might contain a finite number of columns whose lengths are zero since 0 ∈ A {0, 1, 2, . . . , k} and if ω 0 / 0. From this point onward, whenever an A-tableau is mentioned, it is always associated with the sequence A {0, 1, 2, . . . , k}.
We are now ready to mention the following theorem. 
where B j−k is the set of all tableaux with j − k columns of weights ω * j i j i β q c 2 for each
Applying Theorem 4.3 completes the proof of the following theorem. Taking β 1, r 2 0, and r r 1 log q 2, Theorem 4.4 gives
4.15
Using 2.16 and 3.26 , we obtain
the Carlitz identity in 12 . Hence, we can consider the identity in Theorem 4.4 as a generalization of the above Carlitz identity.
Orthogonality and Inverse Relations
We notice that 1.4 can be written as Relation 5.2 is exactly the orthogonality relation for r-Whitney numbers that appeared in 6 . Consequently, the generating functions in P 2 and P 3 can be transformed, respectively, using 5.4 into the following identities: 
5.6
Note that the number F α,γ n, k can be expressed in terms of the unified generalization of Stirling numbers by Hsu and Shiue 16 as F α,γ n, k S n, k; α, 0, γ . Hence, the identity in 5.6 coincides with the identity in 17, Theorem 9 by taking x 1 γ.
Parallel to 5.2 , 5.3 , and 5.4 , we will establish in this section the orthogonality and inverse relations of φ α,γ n, k q and σ n, k β,r q . To derive the orthogonality relation for φ α,γ n, k q and σ n, k β,r q , we need to rewrite first 1.5 and 3.1 . By taking γ log q 2 − q r , 1.5 gives 
